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Highly Parallelizable Low-Order Dynamics Simulation

Algorithm for Multi-Rigid-Body Systems

Kurt S. Anderson* and Shanzhong Duan®
Rensselaer Polytechnic Institute, Troy, New York 12180-3590

A new efficient procedure is presented for the determination of the dynamic equations of motion for complex
multibody systems and their subsequent temporal integration using parallel computing. The method is applicable
to general systems of rigid bodies, which may contain arbitrary joint types, multiple branches, and/or closed loops.
The method is based on the explicit determination of constraint forces at key joint locations and the subsequent
highly efficient determination of system state time derivatives. The algorithm uses a novel hybrid direct and
iterative solution scheme that allows a substantially higher degree of parallelization than is generally obtainable
using the more conventional recursive O(N) procedures. It is shown that at the coarsest level the parallelization
obtainable easily exceeds that indicated by the topology of the system. The procedure can produce a theoretical time
optimal O(log,N) performance for chain systems on computational throughput with O(N) processors. Numerical
results indicate that this procedure performs particularly well relative to other parallel multibody formulations in
situations where the number of degrees of freedom are large and the number of bodies that make up the system is
greater than the number of computing processors available, the multibody systems involve branches, or the applied
forces within the system are rapidly changing or are discontinuous. An estimate for the parallel efficiency of the
algorithm is obtained by combining a theoretical bound for parallel complexity with an approximated overhead

cost for parallel implementation.

Nomenclature E* composite generalized constraint force matrix
Alk = matrix representation of both angular acceleration | associated with body ik ) )
of body ik and the acceleration of its mass center I = constraint force magnitude acting on some point A
Ak = all terms of A% explicitin unknown second time ' = generalized central inertia matrix of body ik,
derivatives of generalized coordinates ¢ associated with local ik basis
. . ik . . . . .
Al = all terms of accelerations matrix A that are not r C(fnl?pc(l)SI'tlf generalized central inertia matrix
contained in A’ ot body
ai* = matrix representation (appropriate basis) of N matrix of generalized actn{e 'forges associated with
acceleration of the center of mass of ith body s the d,egr?‘es Offrel?d‘)clm OfJf)lrflt ik ted with
of the kth subsystem e matrix of generalized inertia forces associated wit]
ik _ ; : : : joint ik
Bj = coefficient matrix that relates constraintloads acting " _ th degrees of fgeefl‘;lnlz ‘Lfém;t ! the ith sub
directly on the terminal bodies of subsystem i lM Index assoclated with kth body of the ith subsystem
to bodv ik system mass matrix
ik y i i ; M! = diagonal element from kth row of mass matrix
B = coefficient matrix that relates constraint loads acting k €01 dwith sub t
directly on base body of subsystem i to body ik assoclated with subsystem!
C = system constraint Jacobian m = total number of constraintequations
D = portion of velocity level constraint equations that N total number of bodies in the system
is associated with specified motions N' total number of bodies in the ith subsystem
dist[:] = set of cut joint identification numbers that are distal n total number of degrees of freedom for the system
to cut joint i n' = total number of degrees of freedom for the ith
E = global constraint force matrix . subsystem
ik 3 1 1 1 1
(E); = element of global constraint force matrix F, P g artial Velfofcnyd(free ?&deljzhnllaatgx a;sovlsjlatetd with
associated with the ith (global numbering) cut joint . cgrees ot treedom ot the ody ot subsystem1
Fik = matrix representation of resultant force system prli] set of cut joint identification numbers that are
associated with mass center of body ik that proximal to cut joint i
accounts for R as well as all inertia force terms 0 = generalized force matrix )
of body ik not explicit in §* q; global generahzeq coordlnat.e matrix ' '
al = composite generalized applied force matrix qau genera?zeg coorgmate first time der_lvatéve 'n}lat;lx
associated with body ik q = generalized coordinate matrix associated with the
ik _ : ; : degrees of freedom of joint ik
F, = matrix representation of the resultant constraint Rik matrix representation of resultant applied forces
load system associated with the center of mass of 8 .
body ik system associated with the center of mass
of body ik
pitk =Dk matrix representation of position vector from mass
center of body i(k — 1) to the mass center
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force system associated with the center of mass
of body ik to an equivalent force system associated
with a point of body ik that is instantaneously
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coincident with the mass center of the body
proximal to ik

T = triangularizationoperator; linear transformation
matrix that triangularizes the equations of motion as
one recursively works from body ik to body i pr[k];
used in the construction of composite inertia
matrices and composite force matrices

T = composite triangularizationoperator

t = time

t, = constraint torque magnitude

U = identity matrix

vik = velocity of body ik mass center in the Newtonian
reference frame

vik = rth partial velocity of mass center of body ik

a = parallel computation inter processor communication
setup cost expressed in terms of floating-point
operations (FLOPs)

ok = matrix representation (appropriate basis) of angular
acceleration of ith body of kth subsystem

B = parallel computation inter processor communication
data transfer cost expressed in terms of FLOPs/byte

r = global constraint force coefficient matrix

(), = elements of global constraint force coefficient

matrix I' associated with the jth set of constraint
loads and the ith set of constraint equations

sk = portion of ¢ that is explicit in the unknown
constraint load measure numbers

Cik = intermediate variable matrix used in the recursive
determination of &

1 = portion of ¢ that is not explicit in constraint load
measure numbers

7k = intermediate variable matrix used in the recursive

determination of r/*

A = generalized constraint force

v = general scalar quantity

v = general vector quantity or dyadic quantity

D = algebraic constraint equation applied to set of
subsystems so that they behave as original system

x* = orthogonal compliment of partial velocity
matrix P

Y = right-hand side of linear system of constraint
equations

(W¥); = elements of right-hand side of linear system of
constraint equations ¥ associated with the ith set
of algebraic constraintequations

w'* = angular velocity of body ik in the Newtonian
reference frame

w* = rth partial angular velocity (angular free mode)
of body ik

ol = angular velocity of body ik relative to body j!

I. Introduction

HE dynamical analysis determining the behavior of devices

and structures that can be modeled as systems of intercon-
nected bodies plays a major role in the design and operation of
such devices. As aresult, the field of algorithm development for the
computer simulation of the dynamic behavior of such systems has
received considerableattentionsince the pioneering work of Hooker
and Margulies.! In many situations computationalefficiency, which
manifestsitself in the form of computational speed, is of paramount
importance. As aresultof this need for fast, general simulation capa-
bility, significant effort has been put forward by individuals whose
interests lay in varied fields such as robotics and aerospace, yield-
ing algorithms that are both general and computationally efficient.
Excellent discussions of many of these formulations are presented
by Jain? and Banerjee?

A. Basic Concepts
Most dynamic formulations generally fall into one of two forms.
These forms are the state-space representation

q1 =qn (1a)

M(t, qr)qn = Q(t, q1, qir) (1b)

and the descriptor form* representation

4r—qn =0 (22)
M, q)qu + CT(1,q)A = O, q1,qu) =0 (2b)
D(t,9,) =0 (2¢)
where
do
(E) =C(t.q)gn + D =0 2d)

In each of these sets of equations, Q is the matrix containing con-
tributions of applied loads, body loads, as well as centripetal and
Coriolis acceleration inertia loads contributions, with C being the
constraint Jacobian associated with the time derivative of the alge-
braic constraints conditions (2c).

Equations (1) are formed in terms of independentpositionand ve-
locity state variables ¢g; and g, respectively. These state variables
representa set of the minimum possible number of variablesneeded
to characterize the state of the system. By comparison, in Eq. (2)
the variables g, and g ;; are redundant, most often representing the
position, the orientation, and their respective derivatives in some
absolute coordinate system. Because of this redundancy, general-
ized constraint forces A must be applied to the system equations of
motion (2b) to enforce the algebraic constraint equations (2c).

Much effort has been expended by various investigators, some
pursuing the state-space representation>>~2° whereas others are
pursuing the descriptorrepresentation ! ~2* with each of these basic
representations offering its own strengths and weaknesses. In the
descriptor case, the mass matrix M is of relatively large dimension,
but may be extremely sparse. The effort required to generate these
equations is small; the approach lends itself well to problems in-
volving closed kinematical loops; and due to the sparseness of M,
special sparse matrix routines can in turn be used in the solution of
Eq. (2) for ¢i1.

The generationof the equationsof motionin the state-spacerepre-
sentation,by comparison,is only truly straightforwardin the case of
tree-configured (no closed loops) systems. In these cases the use of
a state-spacerepresentationmay be advantageousbecause the state-
space variables selected are of specific interest. Also, the equations
in state-space form, unlike thosein the descriptorcounterpart,canbe
directly treated by standard ordinary differential equation methods
and are of much lower dimensionality than their descriptor counter-
parts. However, the resulting mass matrix M appearingin Eq. (1) is
normally densely populated, and thus, the construction of Eq. (1b)
and the subsequent solution for gy by traditional methods can be
computationally expensive.

Application of state-space formulations to systems containing
closed kinematic chains results in a set of partially reduced (con-
taining some redundant variables) equations representing a tree-
configured system that would arise if the closed loops are cut in a
prescribed manner. At this time, the development of the equations
generally proceeds in one of two ways. One is an augmentation
approach in which closed loops are cut, associated unknown gen-
eralized constraint forces appear explicitly, and the system equa-
tions are augmented with the algebraic constraint equations. The
other technique is to use the constraint equations to eliminate the
dependentfedundantstate derivativesand thereby producea system
involving only independentstate derivatives.

In the effort to improve simulation turn around, and thereby to in-
crease the overall speed of the computer simulation of the multibody
dynamics system’s behavior, a variety of algorithms and solution
techniqueshavebeen developed.In many caseslower computational
order formulations for the equations of motion have been sought
based on both the full descriptor formulation and state-space formu-
lations. These algorithms of low computational order have evolved
greatly. From simple chain systems as addressed by Armstrong’
in 1979, to more complex robotic systems,*™® to open-loop tree
systems of rigid bodies,'®-!3!%17 the inclusion of closed loops or
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other forms of geometric and/or motion constraints'>!718:2425 have

evolved to the generalization that any or all bodies of the system
may be flexible >!*-2%27 However, until relatively recently the de-
velopment of such algorithms was limited to application on purely
sequential-architecture computer systems.

B. Previous Work Involving Parallel Computing
in Multibody Dynamics Analysis

With the advent of parallel computing, researchers began to re-
think the use of previously developed dynamic simulation proce-
dures and how the benefits of concurrent processing might be re-
alized. Initially, work was mostly confined to the parallelization of
the existing procedures that had been originally designed for exclu-
sively sequential applications.In 1987, Kasahara et al.?® developed
a parallelized form of Walker and Orin’s® method 3 with a parallel
Gauss-Jordan procedure to simulate a robot manipulator.

Lee?” developed a global procedure based on Kane and
Levinson’s method® for the simulation of the behaviorof large flexi-
ble space structures. This procedure was designed from its inception
to develop the equations in such a way as to allow the exploitation
of the concurrent processing to the maximum degree on a multiple
instruction multiple data- (MIMD-)type machine. However, due to
the underlying O(N?) nature of the formulation, the best Lee was
able to obtain was a worse than O(N?*)/ Np performance with Np
processors.

Lee and Chang® also developed parallel approaches based on
the methods of Walker and Orin.® The first of these was based on
Walker and Orin’s method 3 with parallelizationaccomplishedusing
techniques presented by Lathrop®! for evaluating the mass matrix
and the subsequent solution for the state derivatives using a paral-
lelized Cholesky factorizationmethod designed for implementation
on an array processor. The results indicated O(N) complexity on
turnaround time with O(N?) processors.

Anderson'” pursuedincreased simulation speed through the elim-
ination of needless calculations via the production of problem spe-
cific simulation code derived using his own low-order algorithms,
while also trying to exploitthe inherentconcurrency of the problem.
This simulation code was from its inception designed for parallel
implementationon an availabledistributedarchitecture MIMD com-
puting system.’? The resulting procedure could be applied to general
multi-rigid-body systems that could involve an arbitrary number of
branches,and/or closedloops, and specified motions. At the coarsest
level, parallelism was strictly a function of the mechanical systems
topology. In this and subsequent work,** it was also demonstrated
that significantly greater parallelism could be realized with a modi-
fied form of the O(N) algorithm than was indicated by the topology
of the system.!®! This added parallelism was obtained through
the explicitdetermination of the constraint loads that existed at the
system joints that were cut to produce the largely independentsub-
systems and forms the basis for much of the work presented here.

Hwang et al.3* did leading work that was based on theirown recur-
sive variational formulation (Bae et al.'®) that yielded O(N) perfor-
mance when confined to purely sequential processing. This work
could be applied to general multibody systems involving closed
loops with the parallelization largely being limited to performing
calculation along independent branches of the system’s spanning
tree.

In subsequentwork by Chung and Haug,* a recursive variational
O(N?) approach was used to formulate the equations of motion.
Static scheduling algorithms were employed to distribute the com-
putations evenly over the processors of the shared memory ma-
chines being used. In this work, the simulation of the high-mobility
multipurpose wheeled vehicle was sped up by a factor of 4.4 over
that obtained with a single processor, using eight processors on an
Alliant FX/8.

Substantial work has also been done toward the efficient simu-
lation of multibody systems that yield stiff systems of equations.
Eichberger et al.’® developed an O(N)-residual formulation de-
signed specifically for parallel implementation using an implicit
integration scheme and parallel computing.

Work by Fijany and Bejczy’”® indicates that the more tradi-
tional O(N?) formulations provide the highestdegree of parallelism

and conceivably produce the most efficient (time optimal/minimum
turnaround time per integrationstep) parallel computation provided
that an ideal communication and a sufficient number of processors
are available. Specifically, a turnaround performance of O(log, N)
canbe achieved with O(N?) processors. Arguably,such an approach
would notbe practical for many simulation applicationsbecause the
necessary number of processors would be unavailable and the com-
munications overhead costs would more than offset such fine grain
parallelization.

A betterapproachwas the developmentof a procedurethat is both
time optimal [yields O(log, N) performance] and processoroptimal
[requires only O(N) processors]. Work by Sharf and D’Eleuterio®
and Fijany et al.* present procedures based on a full descriptor
formulation for simple open chains of bodies directed to this end.
The procedures set up a sparse system of linear equations that, for
the simple chain systems considered, result in a block tridiagonal
constraint force (CF) matrix. The resulting system of equations for
the unknown interbody CFs is then solved by various iterative par-
allel methods. These CFs were in turn used in the determination of
the state derivative values that are integrated temporally to obtain
updated values for the system state. By assuming that there is ideal
communication and that the number of iterations does not increase
with N, these proceduresresultin a theoreticallower bound on sim-
ulation turnaround time corresponding to an overall computational
performance of O(log, N) with O(N) processors.

It is possible (or even likely) that in many situations the sys-
tems to be modeled are multibranched and sufficiently large that
the number of available processor Np is significantly smaller than
the number of bodies N in the system (Np << N). In these situ-
ations significant sequential calculations are mandated. Here, still
better performance might be possibleif for these sequential portions
of the simulations one exploits algorithms with superior sequential
performance, relative to that of the full descriptor O(N) and iter-
ative pseudo-O(N) procedures>®*’ Moreover, the performance of
these full descriptor-basedmethods degrades profoundly relative to
that associated with simple chain systems due to numerical issues
associated with the greater coefficient matrix bandwidth and to the
more dispersed eigenstructure associated with these more complex
systems. Sequential low-order state-space formulations, by com-
parison, are not as adversely affected by this increase in mechanical
system complexity and, thus, may be used to some advantage.

This paper presents such an approach. The procedure is a novel
hybrid iterative-direct approach for the simulation of dynamic be-
havior in complex multibody systems using MIMD parallel com-
puting. The algorithm may be applied to general multi-rigid-body
systems arbitrarily possessing many branches and/or closed loops.
The procedure produces true noniterative O(n) performance when
used sequentially on a single processor. At a finer level, the algo-
rithm provides parallelizationof an N body system to N processors
providing pseudo-O(log, N) computational performance when ap-
plied to chain systems. Furthermore, the approach maintains many
of the desirable characteristics of the sequential O(N) procedures,
when beneficial, that often allows it to performin a superior manner
[relative to that of the state-space O(n) or full descriptor formu-
lations] on these branched systems given realistic communications
costs and iterative solver performance.

II. Algorithm Formulation
A. Notation and Preliminaries

In the following derivationa vector dyadic representationis used.
A scalar is represented by a letter, and a vector or dyadic by a
boldface letter. For example, given some arbitrary quantity v, the
associatedscalar, vector,and dyadic quantitieswould be represented
by v, v, and v, respectively. Matrix quantities will be represented by
a letter. For instance, the matrix associate with the vector v would
be represented by v, where v € R* *!.

Consider the general multibody system shown in Fig. 1. For the
purpose of this derivation, we will limit our attention to cutting this
system down to a set of subsystems with constraint loads applied
only at the base and terminal bodies of each subsystem, as shown.
In all of the equations that follow, the superscripts ik indicates that
the quantity in question is associated with the kth body of the ith
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Fig. 1a General multibody system.
Subsystem §
s Subsystem i
“

I f i

/ fy ¢

Subs: fcz 2
ystemn 1 fo

Subsystem 2 fg f3
[
a: Subsystem 3

Fig. 1b One of many possible associated subchain systems.

subsystem. To ensure that the set of subsystems continuesto behave
as the original interconnectedsystem, each subsysteminteracts with
its proximal (parent or inboard) subsystem and its distal (children
or outboard) subsystems through constraint forces f. and constraint
moments #.,. Within each subsystem the numbering of each body
increasessequentiallyfrom 1 for the basebody to NV; for the terminal
body. In this manner we define the acceleration matrix associated
with the kth body of the ith subsystem relative to an observer fixed
in a Newtonian reference frame to be

alk

ik
A”‘E[a, ] e RO 3)

where a/* € R**! and a™* € R? *! are the matrix representations of
the angularacceleration of body k and the accelerationof the center
of mass of body k of the subsystem i, respectively.

We now write A* as

Ak = Ak 4 Al @)

where A’ is thatportionof A thatis explicitin the unknown second
derivatives of generalized coordinates § that we wish to determine
and subsequently integrate temporally, whereas A!* represents all
of the remaining acceleration terms.

It is now possible to write A* recursivelyin terms of the acceler-
ation matrices associated with the proximal body ik, body i(k — 1),
specifically,

Ak = gik ik g pikgik 4 Aik=D y itk=Dyik (5)
with S defined as

gt — [U pilk =1k 3¢

0 U ] GR() X6 (6)

where U is an identity matrix of the appropriate dimension and
ritk=Dkx e R3*3 is the matrix representation of the vector cross

productoperatorbetween the position vector#'* ~ V* from the center

of mass of body i(k — 1) to the center of mass of the next body in
the subsystem, body ik, with anothervector. With the transformation
matrix so specified, the system of forces f4 and moments ¢4 acting
atsome point A of arigid body canbe related to an equivalentsystem
of forces acting at point B of the same rigid body by the relation

U r48x
RBz[O ’U ]RA (7)

where r42 is the position vector from point A to point B and R is
the resultant force system acting through point A of the body given
by

A . 6x1
R = fA €R (8)

The matrix P** containsthe partial velocitiesvi* of the centerof mass

and the partial angular velocities wi* of body ik that are associated

with joint ik connecting body (k — 1) to body k in subsystem i.
Specifically,

P”‘:[w,' ] enrex” ©)

with V¥ the number of degrees of freedom associated with the
joint that connects body (k — 1) to body k in subsystem i. Finally,
G'* € R is the matrix of the second time derivatives of the gener-
alized coordinates associated with the joint connectingbody (k — 1)
to body k of the ith subsystem.

B. Equations of Motion with Explicit Constraint Forces
Define the matrices I ** € R®* to be the 6 X 6 rigid-body central
moment of inertia matrix associated with body ik. Define Fi* as

Fik — Rik _ IikAik (10)
where
‘ > tik
Rzk — ‘ € R() X1 (1 1)
> fzk

is the resultant force system of all forces and moments, except for
constraint forces and moments, that act on body ik, and, similarly,
define

c

Fik —
c 5 fjk

€ Ré*! (12)

as the matrix of constraint moments and constraint forces acting
directly onbody k of subsystemi. Then Kane’s dynamic equations*
may be written as

€ Rv“‘xl
(13)

I +5»;k =(Pik)T(_I"ikAik + fik 4 ij) =0,

The quantitiesJ ;, and J%, are affiliated with the generalizedspeeds
that are associated with the joint ik degrees of freedom, with the
quantities [**, F'* and F/* defined recursively as

Jik — ik 4 Ti(k+1)["i(k+l)(Si(k+1))T (14)
Fik — pik 4 i+ prite+ 1) (15)
Fcik — Ti(k+l)ﬁci(k+l) (16)
and
ik — itk 1 pritk+ 1) 17)
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For the special case for which body & is a terminal body N’ for the
subsystem, we have

fim =i (18)

Fini = Fin (19)

Fin = Fin (20)
and

fim =T @21

The quantity 7% appearingin Eqs. (14-17)is the triangularization
matrix'>!7 that performs the task of recursively triangularizing the
systems mass matrix as it is being formed. This matrix is given by

Tik — Sik{ U - (I/Mlik)l"ikpik(Pik)T} (22)

Proceedingin this manner, one works recursivelyinward from the
terminal body of each subsystem to its associated base body. The
unknown secondderivativesof the system’s generalizedcoordinates
can be expressed in the form

qik — njk + Cik (23)

where &% contains all terms that are explicit in the unknown con-
straintload magnitudes?, and f,. The quantity 17* canbe determined
recursively using the relations

1t =[P MJ[=TH(S™ 7%~ + B
(k=1,2,...,N) (24)
and
it = (ST THE-D + pikyt (k=1,2,...,N) (25
with
7°=0 € R®*! (26)

Now the base body of a subsystem will have constraint forces
and/or moments acting directly on it if this base body interacts with
another subsystem. In such a case the quantity ! would involve
constraint loads fL.’N' and tL‘,N' that act on the subsystem terminal
body N' and the constraint loads f° and #° that act on the base
body of the ith subsystem from its proximal subsystem. In such a
situation the quantity £'! would be given as

¢t = [(Pil)r/Mfl][TilFfinf + F°] 27)
or for a general body & of subsystem i
¢* =BYF"™ + B}'F!° (28)
with

B;-k — [(Pik)T /M]ik][_l"ik(sik)TPi(k—I)B]i_(k—l) + rZ"-vik]

€ R'*¢ (29)
and
B(i]k — —[(Pik)T/Mlik]fik(sik)TPi(k_ I)Boi(k— 1) € Rl X6
(30)

The displacement constraints that must be enforced between the
terminal body N’ of subsystem i and the base body of adjacent
subsystem (i + 1) are differentiated twice with respect to time to
yield the acceleration constraints

i+ D1 _ pGi+D1s6+11 i(NT+1)
AGHDL = pUDIGa+ D14 A

— AN 4 Pi(N'+1)L-].i(1v'+1) +A§(N +1) (31)

where ¢/™ *1 are the generalized coordinates that describe the
rigid-body degrees of freedomof the base body of subsystem (i + 1)
relativeto the terminalbody N* of subsystemi. These are the degrees

of freedom allowed by the joint N’ that would connect these two
bodies in the actual system and that were cut to produce subsystem
(i + 1). These generalizedcoordinatesq’®™' * form a redundantset
of coordinatesin this system of subchains. As a consequence,if one
considers all subsystems, then Egs. (23) and (31) represent a sys-
tem of n + m equations and n + 2m unknowns, where n is the total
number of degrees of freedom possessedby the entire set of subsys-
tems and m is the total number of constraint loads that must act on
this system of subsystems to ensure that this system behaves as the
original uncut system. To make this system of equations solvable, it
is necessary to eliminate m unknowns from the system of equations
given by Eqs. (23) and (31). This end is achieved by eliminating
G'N'*Y (i =0,1,2,...,J.—1), where J. is the total number of
joints that are cut in the system, from all Egs. (31). This is accom-
plished through the determination of the matrix ‘™' * 1 that is de-
fined as the orthogonal complement to the partials matrix P/V' *
and is easily determined from joint N' + 1 definition/specification
information. Now

Zi(Ni + I)Pi(Ni + — 0 (32)

so that multiplying Eq. (31) through by %™ * 1 yields

Xi(N’ +D pli+ 1)1L.].(i+ Dl Xi(N’ + 1)A§i+ 1
— xi(N’ +1) giN' 4 Xi(N’ +1) pi(N' + 1)L.].i(1v' +1)

+ Zi(Ni + I)Ai(Ni +1) =xi(Ni + 1)141‘1\1" + Zi(Ni + 1)A§(N" +1) (33)
Each of the elements of the matrices appearing in Eq. (33) can be
formed in a recursive manner at a fixed cost, with the formulation
of Eq. (33) requiring O(n') operations overall. Through a simple
mapping, one may easily convertall local coordinatesg*' and con-
straint forces f* to associated global quantities ¢/ and f/. Then,
recursively use Egs. (24-26) to evaluate all elements of 7 appear-
ing in Eq. (23) for the entire system. Similarly, definition (12) and
Eqgs. (27-30) may be recursively used to produce simple expres-
sions for each value of ¢ that is linear in the unknown constraint
load measure numbers f. and 7, and is, in turn, substituted in to
Eq. (23). Substituting the resulting Eqs. (23) into Eq. (33) yields a
set of equations associated with the ith cut joint of the form

(D)ii (Fo)i + (D) (Fo); + (D) (Fo)p + (D) (F), = (P); (34)

where:
i =cutjoint currently under consideration, (i)
Jj =cut joint proximal to cut joint i, (pr[i])

k = cut joints distal to cut joint i, (dist[i])
[ =cut joints distal to proximal cut joint of i, (dist[pr[i]])

and (I;;) are coefficients that will become the elements associated
with the jth cut jointin the ith set of constraints.

Equations (34) may in turn be assembled for all cut joints into a
linear system of global equations for the constraintload magnitudes
F.€ R™*!, containing all m of the constraintloads acting on each
of the subsystems as

[F. =Y (35)

The numerical values associated with each element of the matri-
ces I' and ¥ appearing in Eq. (35) that are determined using this
largely state-space O(n) approach are equivalent (if infinite com-
puting precision) to those elements appearing in [C M ~'C”] and
[C M~'Q + Cqy — D], respectively, from

[CM~'CTIA=CM'Q+Cqy—D (36)

which is generated by more traditional means from Egs. (2b), the
time derivative of (2d), and is discussed in Refs. 41 and 42. This
equivalenceof the elementnumerical values arises becausethe state-
space recursive O(n) procedure is computationally, but not imple-
mentationally, equivalent to the formulation of Egs. (2) with their
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subsequentdecompositionand back substitution via Gaussian elim-
ination. The matrix I' =[C M~! C”] is symmetric positive definite
for all possible matrices M associated with this formulation, that
is, a system cut into tree structure subsystems, and C having full
row rank.*' The constraint Jacobian C will have full row rank for
all tree systems, but may lose rank for certain system configurations
involving closed loops and nonholonomic constraints at those spe-
cific instances when one or more rows of C become numerically
dependent*® For most real mechanical systems, these instances are
the exception and not the rule and may be identified, anticipated,
checked for, and dealt with when they arise.

Equation (35) may then be efficiently solved for the system con-
straint load magnitudes £, which are then appropriately substi-
tuted into Eqs. (27) and (28). Equations (27-30) are then used with
Eqgs. (23-26) to determine the generalized coordinate second time
derivatives § € R" *! associated with all n generalized coordinates
of the system. The elements of the matrices § and ¢ are then inte-
grated temporally to obtain the updated values for the state variables
¢ and g, respectively. The process then repeats for the next simula-
tion time step.

III. Preliminary Results and Discussion

The form of Eq. (33) is such that when the system of constraint
force equations are assembled into Eqs. (35) there is only direct
interaction between nearest neighbor subsystems through the con-
straint loads. As a result of this modest coupling in the constraint
load magnitudesthatappearin Egs. (35), the matrix I' € R *™ often
will be sparsely populated for systems involving many subsystems
[however, Eq. (34) indicatesthat very heavily branched systems may
produce a I that is densely populated]. Because of the symmetric,
preponderantly positive definite structure of I', Eq. (35) lends itself
to solution by parallel iterative approaches such as parallel imple-
mentation preconditionedconjugate gradient (PCG) methods. In the
simplest case where the multibody system does notinvolve branches
or closed loops, the resulting coefficient matrix I" is block tridiago-
nal. If the system involves constraint loads that are associated with
different branches of the tree system, then additional off-diagonal
coupling blocks of terms will occur as dictated by Eq. (34).

If we confine our attentionfor the time being to the situationwhere
the number of available processors Np is significantly less than the
total number of bodies in the system N, then significant portions
of the simulation will be performed sequentially and the distribu-
tion of the computational work load over the N processor may be
achievedin a variety of ways. One extreme is to cut every body pro-
ducing N subsystems, each consisting of a single body. If the joints
were each a single-degree-of-frealom joint, this would then result
in a system of 5N constraintloads. The constraintload magnitudes
would be solved for and then substituted back into the resulting
Newton-Euler equations to determine the generalized coordinate
second time derivatives. For this full descriptor representation, the
real contribution in parallelizationis in the parallel construction of
the coefficient matrix I' and the subsequent parallel solution of the
linear system of Eqgs. (35) for the unknown constraint load magni-
tudes Fc. This construction lends itself very well to a coarse grain
parallelization of O(N). This construction also produces pseudo-
O(n) sequential performance [O(n”), 1.17 < y < 1.25 in Ref. 39
for simple chain systems], where as a rule the number of iterations,
manifested in y, increases with the condition number and, thus,
indirectly with the dimension and form of I'. By comparison, for
chain systems, true O(n) performance is possible when using di-
rect solvers designed to take full advantage of the symmetric block
tridiagonal structure of Eqgs. (35).

On the positive side, this full descriptor approachis the easiestto
implementbecauseall bodies are treated in an identical manner, and
the equations of motion are particularly simple for a single body.
Also, the parallelization process is largely transparent because it
frees the analysts to make use of currently existing parallel methods
for dealing with this linear (often sparse) system of equations. This
fulldescriptorapproachalso finds all of the interbodyloads that exist
within the system, and knowledge of these loads may be desired.
Unfortunately, there can be negative aspects of this full descriptor
approach.

1) If an iterative solver is used, the increased condition number
of ', associated with larger, more complex systems (particularly
with closed loops), increases the number of iterations required to
converge to the solution of Eq. (36). This can profoundly degrade
solver performance.

2) The greater bandwidth of I' associated with branched and
closed-loop systems results from the increase in the number op-
erations per each iteration in the solution of Eq. (36).

3) The number of iterationsrequired in the convergenceto a solu-
tion for Eq. (36) is greatly dependent on the quality of (error in) the
initial values F¢, used for the first iteration. Moreover, it may not
be possible to effectively estimate F¢, in systems involvingdiscon-
tinuous applied forces.

4) This construction requires the determination of all of the in-
terbody constraint loads. Consequently, the computational cost of
determining these loads must be paid whether knowledge of these
loads is desired from the simulation or not.

5) Because algebraic constraints that exist between all of the
bodies of the system are enforced at the acceleration level, and not
atthe displacementlevel, zeroeigenvaluesare introducedfor each of
these constraints, which will result in an eventual unstable growth
in constraint violation error if no constraint error stabilization is
employed.!”18:42

At the other extreme is an implementation where only as many
jointsare cutas are necessaryto obtain Np processorparallelization.
For the case of a simple unconstrained chain, this would require
N, — 1 such cuts. The resulting Np subsystems, to a significant
degree, would then have their associated equations of motion se-
quentially formed and solved on each processorusing a state-space
direct O(n) procedure. This O(n) procedureis a direct method that
is more efficient in sequential application than the descriptor O(N)
procedure discussed in the preceding paragraph>$~4° The resulting
overall procedure can be considered a hybrid state-space descriptor
procedurein whichthe5 X (Np — 1) (<5N) constraintloads are de-
termined from the parallel solution of Egs. (35). This approach will
often require fewer computational operations overall than offered
by either the descriptorapproach,despite the greater cost associated
with the determination of each element of I' and 'V, or a straight
state-space O(n) approach. This is because the solution of Eq. (35)
associated with this hybrid formulationwill require fewer operations
per step due to the smaller dimensionof I, the lower condition num-
ber, and the generally more narrow bandwidth than that for the full
descriptor case. Furthermore, the constraint violation drift is not as
much a problem with the hybrid formulation because it will only
existat these fewer cut joints. Finally, other than the constraintloads
that must be calculated at the cut joints, only those interbody inter-
action forces for which information is desired need be calculated,
and this expense is slight.

Figure 2 shows an example for a simple spatial chain system
consisting of 10 bodies and indicates the form of this example’s
coefficientmatrix I for the cases where 1) every jointin the systemis
cutand2) where only joints4 and 7 are cut. If, in each of these cases,
interbody joints are restricted to single-degree-of-freedom joints,
then the resulting individual shaded blocks of elements appearingin
these representations of I' are each of dimension 5 X5. We would
expect that the solution of Egs. (35) for F¢ in case 2 would re-
quire fewer iterations due to the smaller condition number for this
case than for case 1. Thus, the merit of this hybrid approach largely
depends on the degree to which its added cost in generating the
individualelements I" and ¥, relativeto the full descriptorapproach,
offsets these matrices’s smaller dimension and the lower cost of
solving Egs. (35).

Similarly, Fig. 3 shows the effect that branches and closed loops
may have on the form of the coefficient matrix I, where the band-
width that results is a function of the joint numbering convention
used. As seenin Fig. 3, the presence of branches, in particularclosed
loops, can significantly alter the form of T', making Egs. (35) com-
putationally more expense to solve for F.. For case 1, with ev-
ery joint being cut, I' is large, has a decidedly broader bandwidth,
and has a higher condition number than that for a chain system
with a comparable number of bodies. Because of the presence of
the closed loop, it is possible that, for certain predictable system
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a) 10 body chain

b) Case 1, I with every joint
of system cut

¢) Case 2, only joints
4 and 7 cut

Fig.2 Example: 10-body chain system.

"

MM RN

a) More general 10-body system with branches and closed loops

J ¢) Case 2, I" when

b) Case 1, I" when every joint only
is cut joints 6 and 8 are cut

Fig.3 System with branches and closed loops.

configurations, I" will not be positive definite or will be very poorly
conditioned. In such instances, implementation of other strategies
such as quasi-minimal residual for non-positive definite systems or
implementation of generalized singular valued decomposition for
poorly conditioned situations may be necessary.

By comparison, for case 2 the troublesome closed-loop portion
of the system may be dealt with (buried) within the direct O(n)
portion of the hybrid algorithm using techniques such as coordi-
nate partitioning as presented by Wehage ** Also, T in this case is
substantially smaller has a narrower eigenvalue spectrum, and has
areduced bandwidth relative to that for case 1.

A. Algorithm Operations Count and Numerical Example
Consider a system like that shown in Fig. 2, which for this ex-
ample comprises N bodies connected together to form an uncon-

strained chain by single-degree-of-freedom revolute joints. For this
system, the equations of motion were formulated using both the
full descriptor and the hybrid parallelizable O(N) procedures for
the situations where 1, 2, 4, and 8 processors were available. The
procedures were then validated for each case by emulating parallel
applicationof each simulation sequential on an SGI workstation. In
all cases where iterative solvers were used, the same convergence
criterion of £ =107% was enforced. Further, the same temporal in-
tegration scheme was used for all simulations. The performance of
the algorithm showed itself to be of the form

O[(n+m)/Np +m”/Np + m"” ~"log, Np| (37

where

Np =number of processorsavailable

4 = exponent within which the increasein I' condition
number, number of iterations in the solution of
Eq. (35), and the structure of " are manifest (y > 1)

The first term in Eq. (37) reflects the computation associated the
development of the equations of motion, their subsequent solution,
and the treatment of the unknown constraint loads acting on the
subsystem terminal bodies, within each subsystem via the direct
sequential O(n) portion of algorithm. The second and third terms,
exclusive of log, Np, represent the non-communication and inter-
processor communication cost portions of the parallel solution of
Eq. (35), respectively. Quantity y appearing in Eq. (37) accounts
for increased computational effort (increased number of iterations
and increased computations per iteration) associated to the solution
of Eq. (35) as the condition number and possibly the bandwidth of
the coefficient matrix I' increase. The appropriate value of y to be
used is very much a function of the nature of the physical system,
the iterative solver used, the quality of the estimated values for the
unknown constraint loads F used in the initial iteration of the so-
lution of Eqgs. (35) at each integration step, and the tightness the
convergencecriteria. In numerical studies performed by the authors
values for y in the range 1.2 < y < 2.04 were determined depend-
ing on the nature of the dynamic system, iterative solver, etc. Given
the variability one may expectin y, as well as the effect on simu-
lation performance due to the temporal integration scheme used, a
highly restricted operations count formula for this hybrid algorithm
is presented in Table 1. Specifically, the simulation associated with
the presented operations count is restricted to the spatial motion of
a simple chain system that is connected to an inertially fixed body
at one end, with all interbody joints being arbitrarily oriented revo-
lute joints,and Np < N. The presented operations counts represent
what performance can be expected for a symbolic implementation
of the presented hybrid algorithm for the described chain system.
When implementation is parallel, the presented operations counts
are further segregated into two portions.

1) One portion contains all direct sequential O(n) aspects of the
algorithm, assembly of the Eqgs. (35), and all internode communi-
cations cost associated with these operations for a single function
evaluation. This effectively represents all noniterative aspects of the
algorithm for a single function evaluation of the overall system of
equations, exclusive of the solution of Egs. (35).

2) The other portion contains computationaland communications
costs associated with a single iteration in the solution of Egs. (35).

For comparison purposes, operations counts associated with the
application of a full descriptor formulation and purely sequential
state-space ((n) approach to this chain system are provided in
Table 1.

The quantities a and B appearing in Table 1 representing the
communication latency cost and the cost of transferring a single
byte of information are hardware, code/data structure, and operat-
ing environmentdependent. Thus the level of parallelismutilized in
any dynamic simulation should greatly depend on the nature of the
problem, the computing resources available, and the actual coding
practice used. Inspection of Table 1 indicates that the costs asso-
ciated with the iterative portions of the hybrid and full descriptor
algorithms can easily dominate the overall simulation, particularly
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Table 1 Operations cost

Description

Computation cost®

Communication cost

Computation and communication cost for hybrid algorithm

Noniterative aspects of algorithm
for single function evaluations

Iterative aspects of algorithm
(single iteration)

(N/Np)(409m + 375a) + [(Np — 1)/ Np](484m + 323a)
- (N/N}Z,)(129m +35a) — (1/Np)(20m + 16a)
160m + (150 + 3log, Np)a

2a+76p

3alog, Np + (6log, Np +10)B

Computation and communication for iterative full descriptor formulation

Noniterative aspects of algorithm
for single function evaluation

Iterative aspects of algorithm
(single iteration)

(N/Np)(278m + 251a) + (324m +214a)

(N/Np)(160m + (150 + 3log, Np)a)

2a+76p

3alog, Np + (6log, Np +10)B

Computation for purely sequential state-space O(n) algorithm

Purely sequential state-space O(n) algorithm

N(315m + 280a) — (214m + 165q)

Not applicable (purely sequential)

aHere, m is multiplication cost and a is addition cost.

Example Algorithm CPU Time vs. Number of Bodies
for Sequential Application to Chain System

35 T 1 TI T

3 :, —o— State Space O(n)
--+| -- ‘B - - Full Descriptor

25 [

CPU Time (Sequential)

0 ik I i P T i i
0 5 10 i5 20 25 30 35

Number of of Bodies (N)

Fig. 4 Example sequential CPU time of state-space O(n) and full de-
scriptor algorithms.

when communicationscosts are high. A case in pointis the applica-
tion of these algorithms on an IBM SP2 availableto the authors. For
the 36-processor configuration used, with a TB3 switch, the latency
and byte transfer costs when using the message passing interface*’
were experimentally determined to be o ~ 6000 floating-point op-
erations (FLOPs) and 8 ~ 1.7 FLOPs/B, respectively. Clearly, such
high communications costs greatly restrict the fineness of the grain
size that may be effectively implemented. Shared memory ma-
chines should in general offer considerably better performance in
this regard.

B. Chain Systems

For demonstration purposes, Fig. 4 shows the sequential perfor-
mance obtained by the algorithm vs the number of bodiesin a simple
chainsystem. The chain systemis composed of identical bodies with
masses and principal inertias of unit magnitude. Also, the charac-
teristic dimensions of each body was also set to a magnitude of 1.0.
The simulation time for a single function evaluation as then deter-
mined for the cases where the number of bodies in the system was
2,4,8,16,and 32.

The results indicate that, for this simple chain system, the purely
sequential performance of a state-space O(n) approach is better
than that offered by the iterative full descriptor approach. In this
particular case, the iterative full descriptor pseudo-O(n) algorithm
required a factor of ~4 more time than the state-space O(N) ap-
proach for small N, with the CPU time increasing approximately as
O(N'42) for the iterative procedure. The CPU time vs N obtained
indicate that the Jacobiconjugate gradientsolver, using the diagonal
of T for preconditioningand a zero-orderhold*® for determining the
unknown values to be used in the initial iteration, performed with
the number of iterations increasing approximately as N%42, that is,
y =~ 1.4. Significantly better results were obtained for the simulation
of well-behaved systems (systems where F, varies unabruptly and
smoothly) using a second-order hold*®; however, the authors were

Example CPU Time vs. Number of Processors N, for
Hybrid and Descriptor Applications to 32 Body Chain

10

| —e— Hybrid ]
| - Descriptor

CPU Time

0.1

1 10
Number of Processors N,

Fig.5 Example CPU time vs number of processors for 32 body chain.

unsuccessful in obtaining the 1.17 < y < 1.25 performance for a
similar system cited in Ref. 39.

In Fig. 5, a sample of the performance of these algorithms as a
function of the number of processors Np is presented. These results
were based on data collected from sequential emulation of parallel
performance using ideal but unrealistic communications cost pa-
rameter values of a = =0. The small decrease in CPU time for
the hybrid algorithm when using two processorsrelative to that ob-
tained for a single processorindicates that for this system the hybrid
algorithm offers no advantage relative to direct sequential applica-
tion of the direct state-space O(n) algorithm unless more than two
processors are used. This is because whenever unknown constraint
loads are considered with the state-space O(n) algorithmsa penalty
is incurred due to the necessity of carrying out additional computa-
tions associated with the determinationof each constraintforce. For
this simple chain system, this added computation offsets any gains
made through the use of a second processor. However, the formu-
lation is such that, once this penalty has been incurred by the O(n)
portion of the algorithm, effectively no additional cost is incurred
by this portion of the algorithm for subsequentcut joints used in the
production of additional subsystems. The only additional cost for
subsequentcutjointsis confined to the iterative solution of Eq. (35),
which grows in dimension with each cut joint. The data points asso-
ciated with four and eight processors clearly show that real compu-
tational gains may be made with the addition of subsequentproces-
sors, once this initial parallelization cost of the algorithm has been
paid.

The results shown in Fig. 5 also indicate that, for this specific
case, the hybrid algorithm does offer superior parallel performance
to the full descriptorimplementationfor Np < %N , with the relative
performance of the hybrid algorithm increasing as the ratio Np/ N
decreases. However, note that the relative merit of the hybrid algo-
rithm will decrease if one can successfully reduce the size of y in
Eq. (37).
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C. Branched Systems

For branched systems, the structure of I' and the performance of
the associated iterative solver are considerably different. Consider
the branched system shown in Fig. 3. The structure of I' is heav-
ily a function of the numbering convention used in labeling the cut
joints. In this regard the bandwidth should be reduced to a min-
imum if possible because an increased matrix bandwidth general
manifests itself in the form of more computations per iteration in
the solution of Eq. (35). To this end, the bandwidth of the I" matrix
can be reduced to a minimum if an optimal joint numbering scheme
such as reverse Cuthill-McKee (see Ref. 47) is employed. Further,
branchedsystemstend to have a more dispersedeigenvaluestructure
that can result in an increased number of iteration in the solution
of Egs. (35). Thus, branched systems, particularly those involving
closed loops, with their combination of increased bandwidth, large
condition number, and more dispersed eigenvalue structure pose a
greater problem in obtaining an economical solution than do com-
parably sized chain system.

For branched systems, the hybrid algorithm develops the equa-
tions of motion and constructs Egs. (35) in about

O[1+ (Np+ NL)[/Ng+ N/Np + N, " 'log,No]  (38)

operations, where the quantity N appearing in Eq. (38) represents
the number of branch bodies in the system. A branch body is a
subsystemterminal body (having no outboardbodies) that was gen-
erated through the cutting of a system joint. This number shrinks
from Np for chain systems to 1 as the system becomes more heav-
ily branched. By comparison, the performance of the full descriptor
formulation for a branched system would be approximated by

N2+ NOU*D N
of1+———
NpNg Ny

+ — 4+ N(‘V_l)logsz) (39)

with Ng shrinking from N for chain systems to 1 as the system
becomes more heavily branched.

To demonstrate the impact of branching on the performance of
the algorithms, consider a very heavily branched N system where
bodies 2, 3, ..., N are each connected to body 1. In such a system
Np =1.This will resultin a I" that is largely and broadly populated,
producing no band structure. A major difficulty with Eq. (39) is then
the O([N? 4+ N7 * D]/ Np) term thatnow appearsand thatis directly
associated with the cost of constructing the now largely populated
matrix I' and the subsequent iterative solution for the constraint
forces. In such cases, Egs. (35) will require O(N?) to solve by
sequential direct methods, and potentially will perform poorly via
iterative methods given the now undesirable structure of I".

For N > Np, the hybrid formulation is not as affected because
here the heavy coupling will only exist in the I' matrix associated
with these fewer cut joints. This will result in a smaller though
equally widely populated I' matrix, which in light of its reduced
size is more economical to produce and the associated Eq. (35) is
easier to solve.

IV. Conclusions

A new solution procedure is presented for the computer simula-
tion of the dynamic behavior of complex multibody systems. The
algorithm represents an extension to, and generalization of, the re-
cursive multibody analysis and procedures previously developed
for use on complex multi-flexible-body systems. The advantage of
the proposed scheme is that it cuts joints as necessary to allow
for the explicit determination of interbody constraint loads only
to the degree necessary to obtain the desired level of parallelism.
Further, this parallelism s trivial to identify and, as such, relatively
easy to implement. This explicitdeterminationof selected constraint
forces allows the analysis of the associated subsystem to proceed
in a largely independent-paralld manner with the general modest
coupling through the system’s cut joint constraint forces. When
sequential processingis necessary due to limited availability of pro-
cessors, gains may be made through the efficient recursive O(n)
direct procedure. The usually sparse linear system of equations in
the constraintload measure numbers may be solved using a special

iterative parallel procedure such as a PCG method. Thus far, this al-
gorithm has shown itself to be particularly useful in those situations
where the system is branched and possesses more bodies than there
are available processors.

The presented algorithm has been implemented for some spe-
cial cases involving simple chains and branched systems and has
been validated against results obtained from more conventional in-
dependently written sequential O(n*) and purely recursive O(n)
formulations. The implementation of this procedure in a general
purpose simulation code and the development of improved special
iterative parallel methods for efficiently solving for the constraint
load magnitudes F, are areas of ongoing work.
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